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Abstract: In this paper we examine the asymptotic theory for U-statistics and V-statistics of 
discontinuous Ito semimartingales that are observed at high frequency. For different types of kernel 
functions we show laws of large numbers and associated stable central limit theorems. In most of 
the cases the limiting process will be conditionally centered Gaussian. The structure of the kernel 
function determines whether the jump and/or the continuous part of the semimartingale contribute 
to the limit. 


1. Introduction 

U- and V-statistics are classical objects in mathematical statistics. They were introduced in the works of 
Halmos [9], von Mises [22] and Hoeffding [10], who provided (amongst others) the first asymptotic results 
for the case that the underlying random variables are independent and identically distributed. Since then 
there was a lot of progress in this field and the results were generalized in various directions. Under weak 
dependency assumptions asymptotic results are for instance shown in Borovkova et al. [4], in Denker and 
Keller [8] or more recently in Leucht [16]. The case of long memory processes is treated in Dehling and 
Taqqu [5, 6] or in Levy-Leduc et al. [17]. For a general overview we refer to the books of Serfling [21] and 
Lee [15]. The methods applied in the proofs are quite different. One way are decomposition techniques 
like the famous Hoeffding decomposition or Hermite expansion as for example in Dehling and Taqqu 
[5, 6] or in Levy-Leduc et al. [17]. Another approach is to use empirical process theory (see e.g. Beutner 
and Zahle [1] or Podolskij et al. [18]). In Beutner and Zahle [2] this method was recently combined with 
a continuous mapping approach to give a unifying way to treat the asymptotic theory for both U- and 
V-statistics in the degenerate and non-degenerate case. 

In this paper we are concerned with U- and V-statistics where the underlying data comes from a 
(possibly discontinuous) Ito semimartingale of the form 

Xf, = X 0 + f b s ds + f a s dW s + Jt , t > 0, (1) 

Jo Jo 

where TV is a standard Brownian motion, (6 s ) s >o and (<r s ) s >o are stochastic processes and Jt is some 
jump process which will be specified later. Semimartingales play an important role in stochastic analysis 
because they form a large class of integrators with respect to which the Ito integral can be defined. 
This is one reason why they are widely used in applications, for instance in mathematical finance. Since 
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the seminal work of Delbaen and Schachermayer [7] it is further known that under certain no arbitrage 
conditions asset price processes must be semimartingales. Those price processes are nowadays observed 
very frequently, say for example at equidistant time points 0,1/n,..., \nT\ jn for a fixed Tgl and large 
n. A solid understanding of the statistical methods based on Xq, Xi/ n ,... ,X^ n T\/ n is therefore of great 
interest. In particular, we are interested in the limiting behavior when n tends to infinity. This setting is 
known as high frequency or infill asymptotics and is an active field of research since the last two decades. 
For a comprehensive account we refer to the book of Jacod and Protter [12]. 

In Podolskij et al. [18] an asymptotic theory for U-statistics of continuous ltd semimartingales (i.e. 
those with J t = 0 in (1)) was developed in the high frequency setting, where a U-statistic of order d is 
defined by 

U(X,H)?=( n ) J2 H{yfrAZX,...,yfrA? d X), (A?X = X i/n -X (i _ 1)/n ) 

[nt\ 

for some sufficiently smooth kernel function H : —> M. The authors have shown that U(X,H )™ 

converges in probability to some functional of the volatility a. Also an associated functional central limit 
theorem was further given, where the limiting process turned out to be conditionally Gaussian. 

In this paper we extend those results to the case of discontinuous Ito semimartingales X. A general 
problem when dealing with discontinuous processes is that, depending on the function U, the U-statistic 
defined above might not converge to a finite limit at all. Therefore we will deal with slightly different 
V-statistics of order d, given by 

Y?(H,X,l) = ± J2 E 

11 i6B?(0j€BJ*(d-0 

where 0 < l < d and 

B?{k) = {i = (ii, G N*|l < * 1 ,... ,ifc < \nt \} (,k e N). 

In the definition of Y t n (H, X , l) we used a vector notation, that we will employ throughout the paper: For 
s = (si,..., Sd) € and any stochastic process (Z s ) ae ji, we write 

Z s = ( Z Sl ,, Z Sd ). 

Comparing the definitions of the U- and V-statistics we see that they are of similar type if l = d. In fact, 
for continuous X , both statistics will converge to the same limit if H is symmetric. A major difference is 
the missing scaling inside the function H whenever l ^ d, and this is due to jumps. 

Already the case d = 1 shows why we need different scalings for different functions H. Jacod [11] 
(among others) considers the statistics 

[nt\ L nt\ 

Y t n (H,X,l) = -J2H(V^A7X) and Y t n (H, X, 0) = ^ H(A?X) (2) 

i=1 z=l 

for quite general functions H , but with a strong view on power variations, i.e. H p (x) = \x\ p . For 0 < p < 2, 
and under some mild additional assumptions, Jacod [11] shows 

Y t n (H p ,X,l) f\a s \ p ds, (3) 

Jo 

where m p is the p-th absolute moment of a standard normal distribution. It follows that Y^{H pi X, 0) 
explodes for this specific H p . On the other hand, if p > 2 we have 

Y t n (H p ,X, 0)A]T|AX s r, (4) 

S<.t 
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where AX S = AX S — AX S _ stands for the jumps of X. Clearly, it is now Y t n (H p , X, 1) which diverges. 

For the associated central limit theorems the assumptions need to be stronger. Precisely, one requires 
0 < p < 1 for Y™(H P ,X, 1) and p > 3 for Y t n (H p , X, 0). The limiting processes are also (often) condi¬ 
tionally Gaussian, but of different form. For p < 1 the conditional variance of the limit depends only on 
the continuous part of X, whereas in the case p > 3 the conditional variance is more complicated and 
depends on both the jump and the continuous part of X. 

To accommodate these different behaviors into our setting, we will consider V-statistics Y t n (H,X,l) 
of order d which are determined by kernel functions of the form 

H{ x\,. .,y d -i ) = |aq | Pl • ■ ■ ■ • \xi\ pt \yi\ qi • ... • \y d -i\ qd ~ l L(xx, ...,xi,yi,...,y d -i ), 

where L has to fulfill some boundedness conditions and needs to be sufficiently smooth. Further we assume 
Pi ,... ,pi < 2 and q ±,..., q d -i > 2. Clearly there are two special cases. If l = 0 we need a generalization 
of (4) to V-statistics of higher order. If l = d the V-statistic is of similar form as the U-statistic U(X, H)™ 
defined above. In particular, we have to extend the theory of U-statistics of continuous Ito semimartingales 
in [18] to the case of discontinuous Ito semimartingales. Finally, in the sophisticated situation of arbitrary 
l, we will combine the two special cases. The limiting processes in the central limit theorems will still 
be (in most cases) conditionally Gaussian, with the same structural differences as for the plain power 
variations. 

The paper is organized as follows. The short section 2 contains some basic definitions and notations. In 
section 3 we start with the jump case and present a law of large numbers and a central limit theorem in 
the case l = 0, but for slightly more general statistics than Y t n (H , X, 0). A statistical application regarding 
possible jump sizes is sketched as well. Section 4, on the other hand, is concerned with a law of large 
numbers and an associated central limit theorem for Y™(H : X, l) and arbitrary l. Here, we rely on the 
previously established results from section 3 and on a uniform central limit theorem for U-statistics, which 
generalizes the results given in Podolskij et al. [18]. Finally, an appendix contains proofs of some technical 
results, alongside with a proof of the aforementioned uniform central limit theorem for U-statistics. 


2. Preliminaries 


Throughout the paper we assume that we observe a one-dimensional Ito-semimartingale 

Xt = Xq + f b s ds + 

Jo 

which is defined on a filtered probability space (U, J 7 , (Xt)t>o, P) that satisfies the usual assumptions. 
Obviously we have T > 0, and we require further that IF is a Brownian motion and p is a Poisson random 
measure with compensator q (dt,dz) = dt ® A (dz) for some er-finite measure A. Unless strengthened, we 
work with mild assumptions on the coefficients and assume that b is locally bounded, tr is cadlag and 
S is predictable. Observations come in an equidistant way, i.e. we observe X 0 , X 1 / n ,..., X^ nT j/ n , and 
eventually n —> oo. 

Moreover we will use the following vector notation: If p = (pi, • ■ ■ ,p d ),x = (aq,... ,x d ) € then 
we let |x| p := nS-=i \ x k\ Pk ■ Define further p < x pi < a :» for all 1 < i < d. If t £ R we let 
x < t Xi < t for all 1 < * < d. By ||-|| we denote the maximum norm for vectors and the supremum 
norm for functions. Finally, we introduce the notation 


[ a s dW s + (51 { | 5 |< 1} ) * (p - q) t + (51 { |5| >1} ) *pt, t e [0,T], 


V(l) '■= \ p{ x 


■*0 = 5 Z 

u£A 


Xl\ 


M c 


Ac 


finite 


( 5 ) 


We will assume in the entire paper that K is some generic constant which may change from line to line. 
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3. The jump dominated case 

In this section we analyze the asymptotic behavior of the V-statistic V(H,X,l)™ defined by 

E HWX) = -± i Y t n {H,X,0) (6) 

for different types of continuous functions H : —> R, where the jump part of X will dominate the 

limit. As a toy example in the case d = 2 serve the two kernel functions 

H 1 (xi,x 2 ) = \xi\ p and H 2 {x i, x 2 ) = \xix 2 \ p 

for some p > 2. Already for these basic functions it is easy to see why there should be different rates of 
convergence, i.e. different l, in the law of large numbers. Consider 

I , | V nt \ , / l nt i 

v(h u x, i)? = ^j2\ A ? x \ p and v ^ x ^t=-ozi Ei a ” x i p 

i=1 V i=l 

In order to get convergence in probability to some non-trivial limit we know from the 1-dimensional 
theory (see (4)) that we have to choose l = 1 for H\ and l = 2 for H 2 . 

In the following two subsections we will provide a law of large numbers and an associated central limit 
theorem for the statistics defined in (6). 



3.1. Law of large numbers 


For the law of large numbers we do not need to impose any additional assumptions on the process X. 
We only need to require that the kernel function H fulfills (7), which is the same condition as given in 
[11] for d = 1. 

Theorem 3.1. Let H : —> R be continuous and 1 < l < d such that 


H(xx d ) 
I^rl 2 • ... • \xi\ 2 


( 7 ) 


Then, for fixed t > 0, 


V(H,X,l)* -±>V{H,X,l)t ~t d ~ l E H(AX Sl O). 

sG(0 ,t] 1 


Remark 1. Note that we can write H in the form 


H = |2Ci ■ ... ■ xi\ 2 L(xi, .. .,x d ), 


where 


L(x i, ...,x d ) 


H(xi,...,Xd) 
\xi-...-xi \ 2 ’ 

0, 


if xi,... ,x t ± 0, 
otherwise . 


By assumption (7), L is continuous and consequently the limit V(H,X,l) t is well-defined, since the 
squared jumps of a semimartingale are absolutely summable. 

Remark 2. Condition (7) is stated in a somewhat asymmetric way because it only concerns the first l 
arguments of H. Generally one should rearrange the arguments of H in a way such that (7) is fulfilled 
for the largest possible l. In particular, H(x\, ...,£/, 0) is not identically 0 then (unless H = 0), which 
will lead to non-trivial limits. 
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Proof. Let t > 0 be fixed. The proof will be divided into two parts. In the first one we will show that 

E (tf(Ar*)-tf(A? 1 X,...,A£X,0)) AO. 
ies?(d) 

Then we are left with proving the theorem in the case l = d , which will be done in the second part. 

Since the paths of X are cadlag and therefore bounded on compacts by a constant A t (ui) = sup 0<s<t |X s (w)|, 
we have the estimate 

E |Ar i A.....A^X| 2 ^ t (max(|A" +i X|,...,|Ar <i X|)) 

U i es?(d) 

/ L ntj \ 1 lnt\ 

= E l A ?*l 2 E <5M.(m.x(|A” +1 X|,.... | A“ X|», 

\ i=l / H+i, 

where 

Sl,aM) ■= sup ||L(x) - L(y)| x,y <E [- 2A t ,2A t ] d , ||x - y|| < e|, e > 0 
denotes the modulus of continuity of L. 

We will now use the elementary property of the cadlag process X , that for every e > 0, there exists 
N gN such that |A™X| < 2e for all n > N, if X does not have a jump of size bigger than e on (^A-, ■ 

Since the number of those jumps is finite, we obtain for sufficiently large n the estimate 

1 K( 1 

-i=I E i i A(max(|A; +1 X|....,|A“X|))<f‘-V*(2E) + 4 12 . 




Using the continuity of L , the left hand side becomes arbitrarily small, if we first choose e small and then 
n large. From [13] we know that 


|nij 


lX,X}?:=J2\KX\ 2jL +[X,X} t = / a 2 s ds+ E l A A s | 2 , 


( 8 ) 


0 <s<t 


and thus we obtain 


0. 


For the second part of the proof, i.e. the convergence V(H, X, l)™ —> V(H,X,l) t in the case l = d , 
we define the functions g: R d_1 —> R by 

LraiJ 


3 fc(x) = X) \KX\ 2 L ( Xll ..., a*,..., * d -i) 

^ ^ I | Z/(xi,..., , X]$ ,..., i) 


i=l 


s<t 


and deduce 


\V(H,X,d)?-V(H,X,d) t \ = \ E 5(AT^)- E H ( AX *) 

s£[0,£] d 

= |E{ E E H(A?X,AX s )~ E E tf(A?A,AX s )} 

k= 1 sG[0,t] d-fc iGSJ l (/c—1) sG[0,t] d-fc + 1 

<E[i,i];) fc - 1 [i,x]f-‘ sup | 5 fc(x)|. 
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P 

By using ( 8 ) again we see that it remains to show sup|| x || <j4t |< 7 ^(x)| —> 0 for 1 < k < d. In the following 
we replace the supremum by a maximum over a finite set and give sufficiently good estimates for the 
error that we make by doing so. 

For any m £ N define the (random) finite set A ™ by 


AT :={ 


fc G Z, — < A t \. 
m J 


Then we have 


sup Is’fc (x)l < max |s£(x)| 

||x||<A t xe( J 4r) d - 1 


sup | 5 fc(x) -g%( y)| =: Cfc.i (m) + Cfc, 2 M- 

11*11. l|y||<A t 

llx-yll^ 1 /™ 


Since the sets AT are finite, we immediately get Cjt i( m ) 0 as n —> 00 from Remark 3.3.3 in [ 12 ] for 
any fixed m. For the second summand Cfe 2 ( m ) observe that 

[ntj 

ICfe, 2 ( m )l < (E \KX\ 2 + Y J \^X s \ 2 )5 L , At (m- 1 ), 

2=1 S<Ct 


which implies 


The proof is complete. 


lim limsupP(|Cfc 2 ( m )l > e) = 0 for every e > 0. 

m—± 00 n—^00 


□ 


3.2. Central limit theorem 

In this section we will show a central limit theorem that is associated to the law of large numbers 
in Theorem 3.1. The mode of convergence will be the so-called stable convergence. This notion was 
introduced by Renyi [20] and generalized the concept of weak convergence. We say that a sequence 
(Z n ) ra6 N of random variables defined on a probability space (f2, J 7 , P) with values in a Polish space (E, £) 
converges stably in law to a random variable Z : that is defined on an extension (f2, J 7 , P) of (Cl, T, P) and 
takes also values in (E,£), if and only if 

E (f(Z n )Y) -»• E (f(Z)Y) as n -t 00 

si 

for all bounded and continuous / and any bounded, J-'-measurable Y. We write Z n —> Z for stable 
convergence of Z n to Z. For a short summary of the properties of stable convergence we refer to [19]. 
The main property that we will use here is that if we have two sequences (W)neNi (-Zn)neN of real-valued 

P St 

random variables and real-valued random variables Y. Z with Y n —> Y and Z n —> Z, then the joint 
stable convergence (Z n ,Y n ) — (Z,Y) can be concluded. 

In contrast to the law of large numbers, we need to impose a mild boundedness assumption on the 
jumps of the process X. We assume that |<5(w, t,z) | A1 < T n (z) for all t < T n (u), where r„ is an increasing 
sequence of stopping times going to infinity. The functions T n are assumed to fulfill 

J r 2 n \(dz) < 00 . 

Since the main result of this section, which is Theorem 3.5, is stable under stopping, we may as well 
assume by a standard localization argument (see [12, section 4.4.1]) that all locally bounded processes 
are in fact bounded, i.e. 

\b t \<A, \a t \<A, \X t \ < A, \5(t, z)\ <T(z) < A 
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holds uniformly in (u>, t) for some constant A and a function T with 


J r(z) 2 \(dz) < A. 


A common technique for proving central limit theorems for discontinuous semimartingales is to de¬ 
compose the process X for fixed m £ N into the sum of two processes X(m) and X'(m), where the part 
X' (m) basically describes the jumps of X , which are of size bigger than 1/m and of whom there are only 
finitely many. Eventually one lets m go to infinity. 

So here we define D m = {z : T(z) > 1/m} and (S(m, j))j>i to be the successive jump times of the 
Poisson process l{£> m \r> m _i} * P- Let (S q ) q >i be a reordering of ( S(m,j )), and 

V m = {p : S p = S(k,j) for j >l,k< rri} . Vf{m) = j p & V m ■ S p < j , V t {m) = {p G V m : S p < t} . 
Further let 


R-(n,p) = Vn(X Sp - - Iti) 

R+{n,p) = y/n(X± - X Sp ) 

R{n,p ) = R-{n,p) + R + (n,p), 

if < Sp < Now we split X into a sum of X(m) and X'(m ), where X'(m) is the ”big jump part” 
and X ( m ) is the remaining term, by setting 

b(m) t = b t — f 8(t, z)\(dz) 

J {D m n{z:\S(t,z)\<l}} 

X(m) t = / b(m) s ds+ / a s d,W s + (5lzjcJ * (p - q)t 
J o Jo 

X'(m) = X — X(m) = (<51L o m ) * p. 

Further let Q, n (m ) denote the set of all w such that the intervals (^1, —] (1 < i < n) contain at most one 
jump of X'(m)(uj), and 

\X(m)(uj)t+s - X{m){u) t \ < — for all t £ [ 0 , T\, s G [ 0 , n -1 ]. 

m 

Clearly, P(fl n (m)) —> 1, as n —> oo. 

Before we state the main result of this section we begin with some important lemmas. The first one 
gives useful estimates for the size of the increments of the process X{m). For a proof see [12, (2.1.44) and 
(5.1.24)]. 

Lemma 3.2. For any p > 1 we have 

E(|X(m)t+ s - X(m) t \ p \Tt) < + m p s p ) 


for all t > 0, s G [0,1]. 

As a simple application of the lemma we obtain for p > 2 and i G B r t L (d) with i\ < ■ ■ ■ < id 


E[\A? i X(m)\ p -...-\A? d X(m)\ p ] =E 

/1 m p \ 


K X(m)\ p • ... • |A" d _ 1 A'(m)| p E[|A” (J A'(m)| p |j r ^-i] 


^(m)| r ]<-< 


K{n, m) 
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for some positive sequence K{n,m) which satisfies limsup n _ ) . 00 K(n, m) < K for any fixed m. Conse- 
quently, for general i £ we have 

E[|A lX(m)\P \K d X{m)\v] < K(n, 


Since the number of elements i = (*i,... ,i d ) £ B/(d) with # {ii, ..., id} = k is of order n k , we obtain 
the useful formula 


E 


E |A?iX(rn)r...-|A^(rn)r 


< K (n, m), 


(9) 


and similarly 



E \K X (m)\ P ■■■ \K d _X(m)\ P \K d X{m)\ 

i 6 B?(d) 


< AT(n, to). 


( 10 ) 


The next lemma again gives some estimate for the process A (to) and is central for the proof of 
Theorem 3.5. 

Lemma 3.3. Let C > 0 be a constant. Assume further that / : K x [—C, —> R is defined by 

/(x) = |xi| p <7(x) ; where p > 3 and g £ C(R x [— C, C\ d ~ l ) is twice continuously differentiable in the first 
argument. Then we have 


|raij 

E(ln n (m)-\/«| E 2 , ...,x d ) 

i— 1 


E f(XX(m) s ,x 2,.. 



for some sequence (/3 m (t)) with f3 m (t) —> 0 as m —> oo, uniformly in x 2 , ■■■ ,x d . 


Proof. The main idea is to apply Ito formula to each of the summands and then estimate the expected 
value. For fixed X 2 , ■ ■ • ,x d this was done in [12, p. 132]. We remark that their proof essentially relies on 
the following inequalities: For fixed z £ [— C, C] d ~ l and \x\ < 1/m (to £ N) there exists /3 m (z) such that 
(3 m (z) —>• 0 as m —> 00 and 

\f{ x i z )| < Pm( z)M 3 , |9i/(x,z)| < /3 m (z)|a;| 2 , |a i 2 1 /(x,z)| < ^ m (z)|x|. (11) 

Further, for x, y £ R, define the functions 

k(x, y, z) = f(x + y, z) - f(x, z) - f(y, z), g(x, y, z) = k(x, y, z) - d 1 f(x 1 z )y. 

Following [12] we obtain for |a;| < 3 /to and \y\ < 1/m that 

\k(x,y,z)\ < Kp m (z)\x\\y\, \g(x,y,z)\ < K/3 m (z)\x\\y\ 2 . (12) 

Since / is twice continuously differentiable in the first argument and z lies in a compact set, the estimates 
under (11) and (12) hold uniformly in z, i.e. we can assume that the sequence /3 m (z) does not depend on 
z, and hence the proof in [ 12 ] in combination with the uniform estimates implies the claim. □ 

At last we give a lemma that can be seen as a generalization of the fundamental theorem of calculus. 
Lemma 3.4. Consider a function f £ C d (R d ). Then we have 


f{x) = /(0) + 


E E 

k= 1 l<ii <d 


pXi, rXi 


tO JO 


d ik ■ f (flii,...,ik (^ 1 »• • • ? s k ))ds k • • • ds \, 
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0, if j i {n, • • • ,4} 
Sh if 3 = k- 


where : K fc —» R d with 

(gii,...,i k ( S 1 > • • • j s k))j = 

Proof. First write 

d 

f(x) = /( 0 ) + Y (f( x 1 ) • • ■, X k , o,..., 0 ) - f(x 1,..., X k - 1 , o, ■ • ■ , 0 )) , 

fc=l 

which yields 

d 

m = m+Y / dkf(xi,... ,Xk-i,t,0 ,... , 0 ) dt. 

Jo 


fc=i' 


Now we can apply the first step to the function g t (x i,..., Xfc_i) := dkf(x i,..., Xk-i,t, 0,..., 0) in the 
integral and by doing this step iteratively we finally get the result. □ 


We still need some definitions before we can state the central limit theorem (see for comparison [12, 
p.126]). For the definition of the limiting processes we introduce a second probability space (O', J 7 ',¥') 
equipped with sequences (‘4>k+)k>u(' l l } k-)k>i, and (nk)k >l of random variables, where all variables 
are independent, V’fe± ~ A/”(0,1), and Kk ~ £/([0,1]). We then define a very good filtered extension 
(O, T, (Ft)t> o, P) of the original space by 

o = nxo', r = p = p®r. 


Let now ( Tk)k>\ be a weakly exhausting sequence of stopping times for the jumps of X. The filtration 
is chosen in such a way that it is the smallest filtration containing T t and that Kk and V’fczt are 
J~T k -measurable. Further let 

Rk = Rk- + Rk+, with R k - = y/nfaTk-ipk- , Rk+ = \/l - K k (JT k i’k+- 


Also define the sets 



L G C d+1 (R d ) 


lim 9fcL(x, y) = 0 for all x G K ( , k = l + 1,..., d 

y—X) 


for l = 1 ,..., d. 

Remark 3. The following properties hold: 


(i) Ai(d) = C d+1 (R d ) for l = d. 

(ii) If /, g £ Ai(d), then also / + g, fg G Ai(d), i.e. Ai(d) is an algebra. 

(iii) Let / G C d+1 (R) with /'(0) = 0, then 

L(xi,... ,x d ) = f(x\ ■ ... ■ x d ) and L(x \,..., Xd) = f(x\) H-h f(x d ) 

are elements of Ai (d) for all 1 < l < d. 


We obtain the following stable limit theorem. 

Theorem 3.5. Let 1 < l < d and H : —»• R with H(x) = |xi| Pl • ... • \xi\ pl L(x), where pi, ■ ■ ■ ,pi >3 

and L G Ai(d). For t > 0 it holds that 

y/a(y(H,x,i)?-v(H,x,i) t } 

l 

U(H, X, l)t := t d ~ l Y ^5,W(AX Tfci ,...,AX T , ! ,0)A fcr 

fei,...,fcz:T fcl <t j =1 
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The limit is T-conditionally centered with variance 

E(U(H, X , l) 2 t \ F) = l -t 2 ^ Y ( E AX s )) 2 (a s 2 _ + a 2 ), 

s<t k= 1 

where 

V k (H,X,l,y)= Y d k H(AX Bl ,...,AX ah _ 1 ,y,AX Bh+1 ,...,AX n ,0). (13) 

Furthermore, the J- -conditional law does not depend on the choice of the sequence (T k ) ke n> and U(H, X , l)t 
is J- -conditionally Gaussian if X and a do not have common jump times. 

Remark 4. In the case d = 1 this result can be found in Jacod [11] (see Theorem 2.11 and Remark 2.14 
therein). A functional version of the central limit theorem in the given form does not exist even for d = 1. 
For an explanation see Remark 5.1.3 in [12], In order to obtain functional results one generally needs to 
consider the discretized sequence 


yfc(v{H, X , 0 ? - V(H, X , 0 [nti/n) ■ 

In the proof below we would have to show that all approximation steps hold in probability uniformly on 
compact sets (instead of just in probability), which seems to be out of reach with our methods. What we 
could show with our approach, though, is that Theorem 3.5 holds in the finite distribution sense in t. 

Remark 5. In the case that the limit is ^-conditionally Gaussian we can get a standard central limit 
theorem by just dividing by the square root of the conditional variance, i.e. 

y/jj(V{H,X,l)?-V(H,X,l) t ) Kf(n ^ 

VWuUwW) 

Since the conditional variance is generally unknown, we might need to consistently estimate it in order 
to obtain a feasible central limit theorem. 


Proof. In the appendix we will show that U(H , X,l) t is in fact well-defined and fulfills the aforementioned 
conditional properties. To simplify notations we will give a proof only for symmetric L and pi = ■ ■ ■ = 
pi = p for some p > 3. Note that in this case H is symmetric in the first l components, which implies 


djH(x i ,... ,xi, 0,... ,0) = diH(xj,X 2 ,..., Xj~i,xi,Xj+i,. ..,xi, 0,..., 0). 
Therefore, we have for fixed j 

Y d k H(AX Tki ,, AX Tk[ , 0)R kj 

ki,...,ki:T] cl ,...,T kl <t 

Y d-iH(AX Tk ,, AX Tk2 ,..., AX Tkj _ 1 , AX Tkl , AX Tkj+1 Al Tfcl , 0 )R kj 

fci,...,fci:Tfc 1 ,...,Tfc z <t 

Y d 1 H(AX Tki ,...,AX Tki ,0)R kl , 

ki,...,ki:T kl <t 

and thus the limit can be written as 

U(H,X,l) t = lt d ~ l Y d 1 H(AX Tki ,...,AX Tki ,0...,0)R kl . 

fci ...,ki:T kl ,...,T kl <t 


imsart-generic ver. 2011/11/15 file: PSV290415.tex date: May 25, 2015 




M. Podolskij et al./U- and V-statistics for semimartingales 


11 


P 

Later we will prove y/n(V(H , X, l) i„tj — V(H , X, Z) t ) — > 0 as n —> oo, so it will be enough to show the 
discretized version of the central limit theorem, i.e. 

ft := MV(H, x, or - V(H, X, l)^) A U(7L, X, Q t . (14) 

For the proof of this result we will use a lot of decompositions and frequently apply the following claim. 

Lemma 3.6. Let (Z n ) ne pj be a sequence of random variables, where, for each m £ N, we have a de¬ 
composition Z n = Z n (m) + Z' n (m). If there is a sequence (Z(m)) m eN of random variables and a random 
variable Z with 

Z n (m) ———> Z(m ), Z(jn) ———> Z, and lim limsupP(|.Z( i (m)| > 77 ) = 0 for all rj > 0, 

n—>00 m—> 00 m—>oo n _^. 00 

then 

z n ^ z. 

For a proof of this result see [12, Prop. 2.2.4]. 

For the proof of (14) we will successively split £" into several terms and then apply Lemma 3.6. As a 
first decomposition we use 

€t = In n { m )it + ln\n„(m)£"- 

Since P(f2 n (m)) —> 1 as n — > 00 , the latter term converges to 0 almost surely as n —> 00 , so we can focus 
on the first summand, which we further decompose into 


1 d—l 


In n (m)C = ln„(m) (C"M + E E (tfjM ~ ^W) “ E M) (15) 


k=0 j—0 


k= 1 


with 


C(m) = v ^(-l I E #(A?X(m))-M E H(AX(m) Ul ,..., AI(m)„,, 0 )) 




«,(-») = # E E' 


P ? q^'pn( m )fc x - J i el3™(l-k) 
ret3?(d-l-j) 


l\ f d — l 


H 


(A*S P 


R(n, p) 


R{n , q) 


+ — "~j=~ L i A"X(m), AA Sq + , A"X(r, 

v« \M 


<«(») = # E E 


PjqG'PP' (ra) fcx -? 

r GSP(d-l-j) 


iL(E^( n , p), A[*X(m), -EiJ(n, q), A”X(m)) 
V V n \/n / 




d-Z 


Cfe(m) = \/ni^ E E (jO' ff ( AX 'S P , AX Mfe+ 1 (m),...,AX„ i (m),o). 


The prime on the sums indicates that we sum only over those indices i and r such that A ™X'{m) and 
A™X'(m) are vanishing, which in other word means that no big jumps of X occur in the corresponding 
time intervals. 

The basic idea behind the decomposition is that we distinguish between intervals (^A, —] where X 
has a big jump and where not. Essentially we replace the original statistic £" by the same statistic ( n (m) 
for the process X (m) instead of X. Using the trivial identity 

E H(A?X)= E H(A?X(m))+ E (h(A?X) - H{A?X(m)j) 

i eB?(d) i eB?(d) i eB?(d) 
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we can see that an error term appears by doing this. Of course, we have A ™X(m) = A™ A if no big jump 
occurs. In the decomposition above, C k j{ m ) ~ Ckj( m ) gives the error term if we have k big jumps in the 
first l coordinates and j big jumps in the last d— l coordinates. In the same manner the term Ck( m ) takes 
into account that we might have big jumps in k arguments of H{ AX Ul ,..., AX Ul , 0). All the binomial 
coefficients appear because of the symmetry of H in the first l and the last d — l arguments. Note also 
that this decomposition is not valid without the indicator function 

In the appendix we will prove the following claim. 

Proposition 3.7. It holds that 


l d—l 


lim lim sup P| ln„(m) | E E (c u™) ct(m)) - E CfcM - (eCoM - crM) 

k=0 j =0 




k= 1 


> v = o 


for all rj > 0. 


So in view of Lemma 3.6 we are left with considering the terms Cz n o( TO ) — C"( TO ) and Cn( TO )j where the 
first one is the only one that contributes to the limiting distribution. We will start with proving the three 
assertions 


lim lirnsupP(l n „( m )|Cz n o( m ) ~ C"oMI > v) = 0 for all rj > 0, 

n ~ yo ° n—too 

ln„(m)(Cz"o( m ) - C"M) U(H,X'(m),l)t, as n oo, 


(16) 

(17) 


U(H,X'(m)) t — >U(H,X,l) t , as m —> oo, 


(18) 


where 


&(»>)-# E E H { 


A Ac 


R(n, P) 

y/n 


4 


p je8"(d-z) 

For (16) observe that we have 
ln„(m)|Cz"o( TO ) — C; n o( TO )l 

AA Sp + -j=R{n,p) E E sup , I 5 M x a)I|A” A(?n)|+ 0 P (n“ 


<ln„(m) E 

p ev t (m) 1 


d-l 


j£B?(d-l) fe=l xe[-2A,2A] ! 

ye[-2/m,2/m] d 


by the mean value theorem. The error of small order in the estimate above is due to the finitely many 
large jumps, which are included in the sum over j now, but do not appear in C,f 0 {rn) by definition. Clearly, 


lim lim sup lim sup P ( A As H— -=R(n, p) > M\ = 0, 

M—>oo rn—too n—± oo ' , \J kl / 

pePi(m)‘ 


and by Lemma 3.2 we have 
E 


d—l 


(wTT E E sup sup \ d kL(.xx)\\A] k X{m)\) 

Kn i£&f\d—l) k=l xe[—2A,2A] i ye[—2/m,2/m] d-z > 

<A(l + mn -1 / 2 ) sup sup |<9fcL(x, y)|, 

xe[-2A,2A]' yC \—2/m,2/m\ d ~ l 
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which converges to 0 if we first let n —> oo and then to — > oo, since L £ Afid) and [—2A, 2 A] 1 is compact. 
This immediately implies (16). 

For the proof of (17) we need another Lemma, which can be found in [12, Prop. 4.4.10]. 

Lemma 3.8. For fixed p £ N the sequence ( R(n,p)) n bounded in probability, and 

(R(n, p )~, R[n, p)+)p>i t (Rp-,R p - i-)p>i 


as n —> oo. 


Then we have, by the mean value theorem, Lemma 3.8, the properties of stable convergence, and the 
symmetry of H in the first l components 


lo„(m)(C"o (m) - C i{m)) 

= V^lf2 n ( 


\nt\ l 


n ' 


d-l 


peVf(m) 

St. TT( TT V// \ 7 \ 7 ,d-l 


E [ff(AX Sp + -^i?(n,p),0) -H 


(AA Sp ,0 


U(H, X'(m),l)t = lt d ~ l J2 diH^AXs^O^Rp 


as n —> oo, 


i.e. (17). For the proof of (18) we introduce the notation V t = {p £ N|5 P < t}. We then use the decom¬ 
position 


i 

U(H,X,l) t -U(H,X'(m),l)t = lt d - l J2 E E E d 1 H(AX Sp ,AXs Pk ,AXs T ,0)R Pl 

k=l Pk£Vt\V t (m) reVt(m) l ~ k 

l 

=: 

k =l 

We have to show that, for each k, if>k(m) converges in probability to 0 as to —> oo. We will give a proof 
only for the case k = 1. Therefore, define the set 


A{M) := { u £ O ^](|AX s (w)| p + |AX s (w)| 2p + |AX s (w)| 2p - 2 ) < M \ , M £ R + . 

v J 

Then we have 

P(|V>i(m)| > ?y) < P(|V>i(m)|l y 4 (M ) > r)/2) + P(tt\A(M)). 

By the continuity of L and d\L, and since the jumps of X are uniformly bounded in w, we get 

P(|^i(m)|l A ( M ) > r]/2) < A'E(l A ( M} E(?/)i(m) 2 |J r )) 

<KE(l A{M) E ( E 9i^(Al S ,,AI Sr ,0,...,0)] ) 

' q£Vt\Pt(m) ^ rePjW'- 1 ' ' 


<ke(i mm) J2 (iAA S ,r + |Ax s? r i ) 2 ( i AA ^r) ( 

q£Vt\Pt(m) r£Vt(m) 

<KM 2 ^E (l A(M) J2 (I | 2p + I AAs 9 | 2p " 2 )] H. 0 

' STtZAD. \ -O. ' 


as ra —)► oo 


(19) 


qeVt \Pt(m ) 
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by the dominated convergence theorem. Since the second summand in (19) is independent of m and 
converges to 0 as M —> oo, we have 

P(|^i(m)| > rf) —» 0 for all rj > 0. 

The proof for the convergence in probability of ijjk(m) to 0 for 2 < k < l is similar. 


It remains to show that 


lim limsupP(l 0ri(m) |C n (m)| > rj) = 0 


( 20 ) 


for all r/ > 0. 

Again, we need several decompositions. We have 


C(m) =Vn(-^ E H ( A i X ( m ))~ E H(AX(m) ul ,...,AX(m) ul ,oj) 

i es?(«0 U n.<rinlL 


Ul,...,!!!< 


=vs(i E - S E "(WO)) 

w L-tW E .AIW.,,0)) 


^ V if(arv(m),o)-M 

= : 'F™ (m) + ^£(m). 

First observe that we obtain by the mean value theorem, and since X is bounded, 

=^ln„ (m) E \K X (™) ■ ■ ■ A”X(m)HL(ArX(m)) - I(A?I(m),..., A?X(m),0)| 

ieBf(d) 

E E l A i l i X ( m ) ‘'' A” A(m)| p |A™ X(m)| 

i eB?(d) fc=;+i 

=tf(d-Z)l nti(m) Ag E lAr/W-A-XWHA^IHI 


ieB?(d) 


< 


E l a ?,- !f (m) ■ ■ ■ A;V(m)| 2 |A" +1 JT(m)|. 
ieB?a+i) 


77l( p V 7 ” 

By (10) and limsup,^^ K(m,n) < K we get 

lim limsupE(ln n ( m )|^ , i (m)|) = 0. 


When showing that (m) converges to 0 we can obviously restrict ourselves to the case l = d. We need 
further decompositions: 

d 

*;(m) = ^E( E E iJ(A"X(m), AX(to) s ) — E E H(A?X(m),AX(m) B )) 

fe=l 1) S e(0,i^L] d-fc + 1 

d 

=:E^Kfc). 

fc=l 
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For a fixed k we have 

* 2 (m,k)= J2 E |AX(m) sl ■ • • AX(m) Sd _ k \ p 

[ntj 

*^(E \A]X{m)\ p L{A?X(m), A”X(m), AX{m) s ) - E |AX(m) u | p L(ArX(m), AX(m) u , AI(m) s )j, 
3=1 u<-h£i 

where we denote the term in the second line by 0£ (to, i, s). What causes problems here is that 0)1 (to, i, s) 
depends on the random variables A™X(m) and A X(m) s and we therefore cannot directly apply Lemma 
3.3. To overcome this problem we introduce the function f y £ C d+ 1 (R d_1 ) defined by 

fy( x ) = \y\ p L(x!,... ,x k -i,y,x k+1 ,... ,x d ). 


Then we have 


LntJ 


i,s) = y/n(^ E] f^-fx(m)(A^X(m), AI(m) s ) - E /AX(m)„(A[ i l(?n),AX(m) s )j. 
3 =1 b <M 


Now we replace the function /,, according to Lemma 3.4 by 


/y( x ) = .A/( 0 ) + E E / "•/ 


fy (^i 5 ... 5 5 / c ))(is/ c ... c?Si. 


/c—1 l<2i <d *■ 

Since all of the appearing terms have the same structure we will exemplarily treat one of them: 


, L nt J /.AX” (m) 

He/ 

1 ,-=i • /o 


- E 


A"A(m)| p a!T(si, 0, • ■ ■, 0, A ™X(m), 0,..., 0)dsi 

(m) 


| AA(m) u | p HT(si, 0,..., 0, A X(m) u , 0,..., 0)d Sl 


U< 


Lntj 


[nt\ 


< 


E lApf/m/I^L/si, 0,..., 0, A" A (to), 0,..., 0) 


i=i 


E |AA(m) M | p 5iT(si, 0,..., 0, AI(m)„, 0,..., 0) 


■ \nt\ 


ds i. 


This means that we can bound 10)1 (to, i, s)| from above by some random variable 0J1 (to) which is inde¬ 
pendent of i and s and which fulfills 


lim hmsupE[l On(rn) 0£(TO)] =0 


( 21 ) 


by Lemma 3.3. Using the previous estimates we have 

/ L nt J \ fe-i 

|^(m,A:)| <0^(m)^El A i X ( m )l P J 


d—k 


E I AX (to). 


' n< 


Lntj 


Clearly the latter two terms are bounded in probability and therefore (21) yields 

lim lim sup P( ln„ (m) I ^2 ( m ) I > v) = 0, 
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which proves (20). 

The last thing we have to show is 

sft(v{H, X, l) t - V(H, X,I)m) AO, 

e.g. in the case l = d. From [12, p. 133] we know that in the case d = 1 we have 

Y IAXJpAo. 

hp<sk<t 

The general case follows by using the decomposition 

E H(AX Sl ,...,AX Sd )- Y H(AX Sl ,...,AX a 


si ,...,Sd<t 

d / 


LntJ 


=k"E E E E H{ AX sl ,...,AX Sd ) 


k =1 Vs i----- s '=-i< t s fc+ i,...,s d <AA i^L<s fe <t 


( 22 ) 

(23) 


a 

<E E E \AX n ...AX. k _ l AX. k+1 ...AX. t \*(y* Y l AX ^l P ) 

fc=l «l,...,S fc _i<t Sfc+ii __.<-+ 


0. 


<Sk<t 


Hence the proof of Theorem 3.5 is complete. 


□ 


As a possible application of the theory let us indicate how one could obtain information about the 
jump sizes of the process X. For instance, we will sketch a procedure in order to decide whether all sizes 
lie on a grid a + /3Z for a given /3, but unknown a. 

We start the discussion with a slightly more general situation and consider sets McR, for which we 
can find a non-negative function (Jm : R — > M that fulfills gM{x) = 0 if and only if x £ M, and such 
that the function Lm : R 2 —>■ M defined by Lm{x,u) = gM{x — y) lies in ^ 2 ( 2 ). Then our theory shows 
for Hm = \x\ Pl \y\ P2 LM(x,y) that the limit V(Hm,X, 2) vanishes if and only if there is a £ R such that 
all (non-zero) jump sizes lie in the set a + M. In other words, our theory enables us to construct a test 
whether such an a exists. As a more explicit example we consider the following one. 

Example 3.9. For a given /3 £ R consider the function H{x , y) = |x| 4 |y| 4 sin 2 ^ ^ Then we have 

Yh(A?X,A”X) A £(/?):= Y |AXJ 4 |AX S2 | 4 sin 2 p-A_-fil). 

i,j= 1 Si,S2<t 

It holds that L(/3) = 0 if and only if there exists an a £ R such that 

AX S £ a + /3Z for all s < t with AX S ^ 0. 


To formally test whether there exists an a £ R such that all jump sizes lie in the set a + /3Z one would 
of course need to derive estimators for the conditional variance of the limit in Theorem 3.5. 


4. The mixed case 

In this section we will present an asymptotic theory for statistics of the form 

Y t n (H,X, l) = ± Y E ApX,Aj>X), (24) 

U ieB?(i)jeB?(d-i) 
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where H behaves like |a;i| p • • ■ \xi\ p for p < 2 in the first l arguments and like \xi+i\ q ■ ■ ■ \xd\ q for q > 2 in 
the last d — l arguments. As already mentioned in the introduction, powers smaller than two and powers 
larger than two lead to completely different limits. This makes the treatment of Y t n (H,X,l) for general 
l way more complicated than in section 3 where only large powers appear. In fact, we use the results 
from section 3 and combine them with quite general results concerning the case l = d , which we derive 
in the appendix. The limits turn out to be a mixture of what one obtains in both settings separately. 
In the central limit theorem we get a conditionally Gaussian limit, where the conditional variance is a 
complicated functional of both the volatility a and the jumps of X. 


4-1- Law of large numbers 


We will prove a law of large numbers for the quantity given in (24). As already mentioned we will need a 
combination of the methods from section 3 and methods for U-statistics of continuous Ito-semimartingales 
that were developed in [18]. We obtain the following result. 

Theorem 4.1. LetH(x, y) = \xi\ Pl ■ ■ ■ |^| Pi |?/i| 91 • • • \y d -i\ qd ~ l L(x, y) withpi , ...,pi< 2 and q x ,.. .,q d -i > 
2 for some 0 < l < d. The function L : — > K. is assumed to be continuous with |L(x, y)| < u{ y) for 

some u £ C(R d_i ). Then, for fixed t > 0 

Y t n (H,X,l)-^Y t (H,X,l)= Y \ PH^ u ,AX s )du, 

sG[0,*]<*-' ‘'I 0 ’*]' 

where 

Ph(*, y) =E[H(x 1 U 1 ,...,xiUi,y)\ 
for arbitrary x £ y £ M. d ~ l , and with {U \,..., Ui) ~ W(0, id;). 

Remark 6. In the special case l = 0 we obtain the result from Theorem 3.1. For l = d we basically get 
the same limit as the case of U-statistics for continuous semimartingales X (see Theorem 3.3 in [18]). 


Proof. By the standard localization procedure we may assume that X and a are bounded by a constant 
A. We will start by proving the following two assertions: 


sup 

y£[-2A,2A] d ~ l 

sup 


1 


Y 9 (VnA?X,y)- ( p g {a u ,y)du 


X <E[-A,A]‘ j eB n (d _j) 


Y M x > A]**)- Y 


sG[0,i] d 


0, 


0 , 


(25) 

(26) 


where g(x,y) = \xi\ Pl ■ ■ ■ \xi\ Pl L(x, y). The proofs mainly rely on the following decomposition for any 
real-valued function / defined on some compact set C C R fc : If C' C C is finite and for any x £ C there 
exists y £ C' such that ||x — y|| <5 for some 6 > 0, then 



Now denote the continuous part of the semimartingale X by X c . For the proof of (25) we first observe 
that for fixed y £ R. d_i we have 

^7 Y ( 9 (VnAiX,y) - g(y/nAV;X c ,y)) -^4 0. 

H ieB?(0 

We will not give a detailed proof of this ’’elimination of jumps” step since it follows essentially from the 
corresponding known case l = 1 (see [12, section 3.4.3]) in combination with the methods we use in the 
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proof of (27). Using the results of the asymptotic theory for U-statistics of continuous Ito semimartingales 
given in [18, Prop. 3.2] we further obtain (still for fixed y) 


\ X 9 (VnAV-X c ,y)f p g {a u ,y)du. 

n ieB "(0 


To complete the proof of (25) we will show 


C(m) 


sup 

x,ye[-2A,2A] d ~ l 

ll*-y||<4 


X (giVnAfX, x) - g(yfR Apx, y)) 

ie B ?(0 


(27) 


if we first let n and then m go to infinity. The corresponding convergence of the integral term in (25) is 
easy and will therefore be omitted. 

Let e > 0 be fixed such that max(pi ,... ,pi) + e < 2, and for all a > 0 and k £ N define the modulus 
of continuity 


4(a) := sup j|g(u,x) -s(u,y)| ||u|| < k, ||(x,y)|| < 2A, ||x- y|| < a|. 


Then we have 


C(m) < K[ S k {m l ) + sup -A X 1 {|| v ^Ar*x||>fc} (laiVnA^X, x)| + \g(^R,A?X, y)|) 




< K 


( S k (m~ 1 ) +1 X 


n x \ Pl 


|^A"^ + ... + |^A«X| 


i eB?(l) 

l l r t 


K (4 (m 1 ) + ^XIT 


l=i *=1 


'0 


m Pi+6ije\ <7 s 


| Pi+ ^ e ds) 


as n —> 00 , 


where m p is the p-th absolute moment of the standard normal distribution and 4? is the Kronecker delta 
(for a proof of the last convergence see [11, Theorem 2.4]) . The latter expression obviously converges to 
0 if we let m —> 00 and then k —> 00 , which completes the proof of (25). 

We will prove (26) in a similar way. Since pfj(x, y)/\yi •... • yd-i | 2 —l 0 as y —> 0 , Theorem 3.1 implies 


X Pff(x, AfX) X Ph(*,AX s ), 

jeB?(d-0 seio.i] 11 - 1 


i.e. pointwise convergence for fixed x € [— A, A\ l . Moreover, 


sup 


x,y e[—A,A] 1 

ll*-y||<4 


X 

j 6B?(d-0 


Pff (x,Apf)- Pff (y,Apr) 



sup sup 

x,ye[-A,A]i ||z||<2A 
ll*-y||<A 


p g (x,z) - p 3 (y,z) 


The term in brackets converges in probability to some finite limit by Theorem 3.1 as n —1 00 , and the 
supremum goes to 0 as m —>• 00 because p g is continuous. By similar arguments it follows that 


sup 

x,yE[ -A,A] 1 
II*—y||<Jj 


X 

seio.i ] 11 - 1 


Ph (x, AX S ) - p H ( y, AX S ) 


0 , 
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if we let m go to infinity. Therefore (26) holds. 

We will now finish the proof of Theorem 4.1 in two steps. First we have 


/ d-l [nt] \ 

< nEi A ” x n sup , _ 

J ye[-2A,2A] d ~ l n leB „ (l) 


j E E H(V^A?X,A?X)~ Y, t PH(cT u ,A?X)du 

7 E 9 (VnAfX,y) - [ p g {a u ,y)du 
W J\o,tV 


by (25). From (26) we obtain the functional convergence 


(^s)o<s<t \ P f (^s)o<s<£ 

Z)jeB?(d-0 P H ( ') vSse[o.t] d - ! AA's) 


'[O.t] 1 




in the space X>([0,i]) x C([—A, A] ! ). Define the mapping 

$:2?([0,t]) xC(1 ! )^R, (/,<?)—> 

This mapping is continuous and therefore we obtain by the continuous mapping theorem 

E l Ph(&u, A"X)du -A V] f p H (vu,AX s )du, 


je B?(d-Q 

which ends the proof. 


se[o,t] d 


□ 


4-2. Central limit theorem 


In the mixed case we need some additional assumptions on the process X. First we assume that the 
volatility process er t is not vanishing, i.e. a t ^ 0 for all t £ [0,T], and that er is itself a continuous 
Ito-semimartingale of the form 

o* = oo + / b 

Jo 

where b s ,d s , and v s are cadlag processes and Vj is a Brownian motion independent of W. As a boundedness 
condition on the jumps we further require that there is a sequence T*, : K. —> R of functions and a localizing 
sequence (rk)keN of stopping times such that \5(uj,t, z)\ A 1 < Tfc(z) for all uj,t with t < Tk(ui) and 


S ds - 


d s dW s 


v s dV s . 


J Tk{z) r X(dz) < oo 


for some 0 < r < 1. In particular, the jumps of the process X are then absolutely summable. 

The central limit theorem will again be stable under stopping, so we can assume without loss of 
generality that there is a function T : R —> R and a constant A such that d(u>, t, z) < r(z) and 

sup{|X t (w)|, |6 t (w)|, |cr t (w)|, |cr~ 1 (a;)|, |6 t (w)|, \d t (u)\, |u t (w)|} < A, 

uniformly in (ui,t). We may further assume T(z) < A for all z E K and 


J T(z) r X(dz) < oo. 
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Before we state the central limit theorem for ^/n(Y t n (H, X , l) — Y t (H , X, l )) we give a few auxiliary results. 
A typical procedure in proofs of results such as Theorem 4.4 is to replace the scaled increments of X 
(for us: the terms in the first l arguments) by the first order approximation a" := 1 Aof the 

continuous part of X. In combination with other simplifications, this procedure will lead to asymptotic 
equivalence of y/nfYf 1 (H, X, l) — Y t (H , X, l)) with 

E E d k H(a^,AX Sti )R(n, qk )+V^(^ £ H{a?,AX s J- f p H (a s .AX s Jds) 

q:S q <t V ieB?(!)k=l+l i6B?(0 

For now, consider only the term in brackets, with R(n, qjf) = 1 for simplicity. We can see that if AX$ 
was just a deterministic number, we could derive the limit by using the asymptotic theory for U-statistics 
developed in [18]. For the first summand we would need a law of large numbers and for the second one 
a central limit theorem. Since AAg q is of course in general not deterministic, the above decomposition 
indicates that it might be useful to have the theorems for U-statistics uniformly in some additional 
variables. As a first result in that direction we have the following claim. 

Proposition 4.2. Let 0 < l < d and G : M 1 x [—A, A] d ~ l —> R be a continuous function that is 
of polynomial growth in the first l arguments, i.e. |G(x,y)| < (1 + ||x|| p )w;(y) for some p > 0 and 
w £ C([— A, A] d ~ l ). Then 

®"(C, X ) := —y V G(aJ*,y) -A B t (G,y) := [ p G (cr Sl y)ds 
in the space C{[— A, A\ d ~ l ), where 


Pg( x, y) := E[G(xi£/i,..., xiU h y)] 
for a standard normal variable U = (Ui,... ,Ui). 

Proof. This result follows exactly in the same way as (25) without the elimination of jumps step in the 
beginning. □ 


In addition to this functional law of large numbers we further need the associated functional central 
limit theorem for 


U?(G,y) 




E G(«r,y)- / , 


ieB"(z) 


pg((7s, y)ds 


(28) 


In order to obtain a limit theorem we will need to show tightness and the convergence of the finite 
dimensional distributions. We will use that, for fixed y, an asymptotic theory for (28) is given in [18, 
Prop. 4.3], but under too strong assumptions on the function G for our purpose. In particular, we weaken 
the assumption of differentiability of G in the following proposition whose proof can be found in the 
appendix. 

Proposition 4.3. Let 0 < l < d and let G : R d — > R be a function that is even in the first l arguments 
and can be written in the form G(x,y) = |xi| Pl • • • |xj| P! L(x,y) for some function L £ C d+1 (R d ) and 
constants Pi,... ,pi € M with 0 < pi,... ,pi < 1. We further impose the following growth conditions: 


|£(x,y)| < u(y), dlL(x,y) < (1 + ||x|| /3i )u(y) (1 < i < d), 


(29) 


J 3i 


9j k L{x,y) < (1 + ||x|| 731 -^)u(y), (1 < k < d\ 1 < ji < • ■ • < j k < d) 


(30) 
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for some constants > 0, and a function u £ C(R d l ). The constants are assumed to fulfill 

jj + Pi < 1 for i ^ j and i = 1,..., l, j = 1,..., d. Then we have, for a fixed t > 0 

(U ?(G,-),(R-(n,p),R + (n,p)) P >i)) (U t (G, •), (R p -, R p+ ) p >i) (31) 

in the space C([—A, A\ d ~ l ) x R N x R N ; where (Ut(G, •), ( R p -, i? p +) p >i) is defined on an extension (12, T, V) 
of the original probability space, U*(G, •) is J- -conditionally independent of(nk, ifk±)k>i and J- -conditionally 
centered Gaussian with covariance structure 


C(y, y') :=E[U t (G,y)U t (G,y , )|J] 

= E / (/ M u ^y)fj( u ^y') ( l ) ^s{u)du 

i,j=l ■'* 


( J^fi{u,y)ct><r a ( u )du) 


(32) 


fj{u, y')(l>*s ( u)duj ds^j 


where 

Mu, y) = / / G{<T Sl vi,...,<j Si _ 1 Vi-i,u,<j Si+1 v i+ i,...,a sl vi,y)(l)(v)dvds. 

J[ o.t] 1 - 1 Jr 1 - 1 

Remark 7. The proposition is stated for the approximations a™ of the increments of X. We remark that 
the result is still true in the finite dimensional distribution sense if we replace a” by the increments A™X. 
This follows by the same arguments as the elimination of jumps step in Theorem 4.4 and Proposition 4.5. 

We will now state the main theorem of this section. After some approximation steps the proof will 
mainly consist of an application of the previously established methods in combination with the continuous 
mapping theorem. 

Theorem 4.4. Let 0 < l < d and H : R d —> R be a function that is even in the first l arguments and can 
be written in the form H(x, y) = \x\\ Pl ■ ■ ■ \xi\ pi \yi\ qi ■ ■ ■ \yd-i\ qd ~ l T(x, y) for some function L £ C d+1 (R d ) 
and constants pi,... ,pi, q±,..., qu-i £ R with 0 < p\,... ,pi < 1 and q±,..., qd-i > 3. We further assume 
that L fulfills the same assumptions as in Proposition J^.3. Then we have, for a fixed t > 0 


Vu{yr(H,x,i) — Y t (H,x, /)) 

(1 r. 

V'(H,X,l)t = E (E / Po jH (a u ,AX Tk )duR ki +V t (H,AX Tk )). 


k :Tk<£ j=l~\~ 1 


The limiting process is 7F-conditionally centered Gaussian with variance 


E[(V'(H,X,l) t ) 2 \X}=J2{ E t4 {H,X,l,XX s ))\l 

s<.t k=l -\-1 


E C(AX S1 ,AX S2 ), 

Si,S2G[0 ,t] d ~ l 


(33) 


where the function C is given in (32) and 


V k (H,X,l,y) = 


SZ + l,...,Sfc 




[0,t] z 


Pd k H{&\i, AX Sl+1 ,, AX Sk _ 1 , y, AAT Sfe+1 ,..., AX Sd )du. 


Furthermore the 7F-conditional law of the limit does not depend on the choice of the sequence {Tk)ke N- 

Remark 8. The result coincides with the central limit theorem in section 3 if l = 0, but under stronger 
assumptions. In particular the assumed continuity of tx yields that the limit is always conditionally 
Gaussian. We further remark that the theorem also holds in the finite distribution sense in t. 
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Proof. In the first part of the proof we will eliminate the jumps in the first argument. We split X into 
its continuous part X c and the jump part X d = 6 * p via X = Xq + X c + X d . Note that X d exists since 
the jumps are absolutely summable under our assumptions. We will now show that 

e, = £ E £ £ H(V* a?x c ,apo)Ao. 

ieB t "(0jes?(d-0 i 

Observe that under our growth assumptions on L we can deduce 

i i 

|L(x + z,y)-L(x,y)| < Ku(y)(l + ^ ||x|| 7i ) ^ \ Zj \ Pi (34) 

»=i j =i 

This inequality trivially holds if ||z|| > 1 because ||L(x,y)|| < u( y). In the case ||z|| < 1 we can use 
the mean value theorem in combination with \z\ < \z\ p for \z\ < 1 and 0 < p < 1. Since we also have 
11 Xi + Zi\ Pi — \xi\ Pi | < \zi\ Pi for 1 <i<l, we have, with q = (qi, ..., qd-i), the estimate 

\H (x + z, y) - JT(x, y)| < iFu(y)|y| q £ P m (x)|z| m 

m 

where P m € ty(l) (see (5) for a definition) and the sum runs over all m = (mi,... ,mi) ^ (0,...,0) 
with mj either pj or 0. We do not give an explicit formula here since the only important property is 
E[^m(-\AiA"X , ) <? ] < K for all q > 0, which directly follows from the Burkholder inequality. Because of 
the boundedness of X and the continuity of u this leads to the following bound on 

\tn\<(K J2 i A j" x i q ) (“t E E p ™(v^Arw c )iv^Arx d i m ). 

jeB t ”(d-Z) i£BJ*(0 m 

The first factor converges in probability to some finite limit, and hence it is enough to show that the 
second factor converges in L 1 to 0. Without loss of generality we restrict ourselves to the summand with 
m = (pi,... ,pk, 0,..., 0) for some 1 < k < l. From [12, Lemma 2.1.7] it follows that 

El\A™X d \ q \X^i\<^- for all q > 0. (35) 


Let r := maxi<i<zp,; and bk( i) := #{*i, • ■ • ,ik} for i = (q,... ,ii). Note that the number of i € S"(i) 
with bk( i) = to is of order n m + l ~ k for 1 < m < k. An application of Holder inequality, successive use of 
(35) and the boundedness of X gives 


E' 


(^r E Pm(^x c )\V^Kx d \ p x..\VTtXix d r) 


i 6B?(0 

l/2+kr/2 


4 r 3+r 


<- 


n 


ieBf(l) 

l/2+kr/2 


E E[P m (v^ArA c )T^] (E[(|A"A d r ...|A-A d r) 3+r ])' 


l/ 2 +fcr /2 k 


<K— - , - V n -M0( 3+r)/4 < K --V' n -i(3+r)/4 tf-H-k = R y' 

ry-jl / -J ijn t / / -J 


,(2-2fc+(2fe-j)(r-l))/4 


i £B t "(0 


J=1 


i=i 


The latter expression converges to 0 since r < 1. 

In the next step we will show that we can replace the increments A”A C of the continuous part of X 
by their first order approximation a" = ^fnai -1 A”W. 
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Proposition 4.5. It holds that 

& = AfX',A!‘X)-i £ £ HK,AfX))Ao 

ieB t n (Z) jGS"(d-i) *EB™(Z) jeB"(d-Z) 

as n ^ oo. 

We shift the proof of this result to the appendix. Having simplified the statistics in the first argument, 
we now focus on the second one, more precisely on the process 

8 „(ff) = '/s(i £ £ ffW.apo-i £ £ UK,AX.)). 

In the following we will use the notation from section 3.2. We split 9 n (H) into 

9 n (H) = 1 n n (m)6n(H) + tft\n n ( m )9 n (H). 

P 

Since f l n (m) —> as n —> oo, the latter term converges in probability to 0 as n —> oo. The following 

result will be shown in the appendix as well. 

Proposition 4.6. We have the convergence 

1 d 

ln n{m) 9 n (H) - -j E E E dkH(af,AX s jR(n,q k ) Ao 

iG 8 ”(Z) q£V?(m) d -‘ k=l+l 

if we first let n —^ oo and then m —> oo. 

Using all the approximations, in view of Lemma 3.6 we are left with 
1 d 

*?(m):=^ E E E d k H(a?,AX s JR{n,q k ) + E V t(H,AX s ) 

qE'P™(ra) d-Z k=l+ 1 sE[0,£] d-i 

d 

= E (^(mU-Kq) E K(dkH,AX s JR(n, qk )+^(H,AX s jy 

q6N d_i /c= 2 +l 

The remainder of the proof will consist of four steps. First we use for all k £ N the decomposition 
< 1 >"(m) = 4>™(m, k) + (m, fc), where 

d 

$?{m,k):= E VcmU-^q) E B ”(^ AX S q )^(n,9fc)+ E U ”^ AX « q ), 

qi,...,qd-i<k k=l+l qGN d_! 

i.e. we consider only finitely many jumps in the first summand. We will successively show 

lim limsupP(|l>”(m, fc)| > rf] = 0 for all 77 > 0, (36) 

7 c—>00 ra _). 00 

4>™(m, fc) <h t (m, fc) as n — 00 , (37) 

for a process that will be defined in (40). Finally, with <f>t(m) defined in (41) we will show 

4> t (?n, fc) -!■*■ $ t (m) as fc —> 00 , (38) 

^HAf'^I,!)). (39) 
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For (36) observe that we have V™(m) C Vt{m) and therefore 

fc)| > gj < P({w : Vt{rn,uj) (jL {1, k} }) —► 0 as k —> oo, 

since the sets Vt{m,tjo) are finite for fixed w and m. For (37) recall that g was defined by c/(x, y) = 
|xi| pi • • • |xz| P! L(x,y). By Propositions 4.2 and 4.3 and from the properties of stable convergence (in 
particular, we need joint stable convergence with sequences converging in probability, which is useful for 
the indicators below) we have 

( u r(flv)> {^t( d j H r))j=i+i,{^s p )pen, {R(n,p )) p&N , (tvp(m){p)) P en) 

(Ut(g, ■)> (B t (3jF, -))j=i+i) (AX Sp ) peN , (i? p ) peN , (l-p t(m )(p)) peN ) 

as n —> oo in the space C[—A, x (C[— A, A] ( ' d ~ l ' ) ) d ~ l x £ 2 A x R N x R N , where we denote by f? A the 

metric space 

i\ := {(x fe ) fceN € £ 2 ; \x k \ < A for all k <E N} . 

For k £ N we now define a continuous mapping on C[—A, A\( d ~ l ' > x (C[—A, A]^ d ~ l ^) d ~ l x i\ x R N x R N 
into the real numbers via 

k d 

( 9r) r —h ( x j)je n> (2/j)j'eN) (-ZjOjgn) = 'y ] Zj x ■ ■ ■ Zj d _ l 'y ' g r (xj 1 ,■■■■, Xj d _ l )yj r 

jl, — ,3d-l=l r=l +1 

OO 

+ E l^b'i | 91 • • • \ x jd-i \ 9d ~‘ f( x jn • • •) x jd-,)- 

The continuous mapping theorem then yields 

$™(m, k ) = ^ fe (U”(g, •), (1 t{d r H, -))f = i +1 , (AX Sp ) p& n, (R(n,p)) p ^, (1 v?(m)(p)) P &m) 

^fc(Ui(3, •), (B t (d r H, •))r=;+i, (A X Sp ) p& n, (R p ) pG n, (l-p t ( m )(p))peN) 

d 

= E ^v t ( m y-‘(ci)'52'®’t(d r H,AXsjR(n 1 q r )+ ^ U t (H,AX Sti )=:$ t (m,k). 

r=l+ 1 qGN d_i 

(40) 


For k —> oo we have 

d 

$t(m,fc) AA>. $ t ( m ) : = E AX s JR(n,q r ) + ^ U t (F,AX Sq )j, 

qgpjd-l r=£+l qeN d “ ! 

(41) 


i.e. (38). For the last assertion (39) we have 

P(|*t(m) - V’(H,X,l)\ >r,)< KE[(<f> t (m) - V{(H,X,l)) 2 ] = KE[E[^ t (m) - V^H,X,l)) 2 |J]] 

d 

< KE[ E E (1- (k))|B t (a r 77,AX Sk )| 2 ] 

keN d - ! r=£+l 

d d—l 

<KE[ E ( 1 -l7> t ( m ) d -«( k ))II(l AX ^l ,i + |A^s* 4 l , *“ 1 ) 2 ]- 

kGN <i-Z r —/+1 2=1 

Since the jumps are absolutely summable and bounded the latter expression converges to 0 as m —> oo. □ 
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5. Appendix 

5.1. Existence of the limiting processes 


We give a proof that the limiting processes in Theorem 3.5 and Theorem 4.4 are well-defined. The proof 
will be similar to the proof of [12, Prop. 4.1.4]. We restrict ourselves to proving that 

E [ Pd, +1 H(cr u ,AX Tk )duR kl (42) 

k:T k <i 

is defined in a proper way, corresponding to Theorem 4.4. For l = 0 we basically get the result for Theorem 
3.5, but under slightly stronger assumptions. The proof, however, remains the same. 

We show that the sum in (42) converges in probability for all t and that the conditional properties 
mentioned in the theorems arc fulfilled. Let I m (t) = {n : 1 < n < m,T n < t}. Define 

Z(m) t := E / Pdi +lH (cr u , AX Tk )duR kl . 

By fixing co £ fl, we further define the process Z ul (m)t on (D'^^P') by Z u {rn)t{u>') = Z(m)t(co,co'). 
The process is obviously centered, and we can immediately deduce 

E'(Z"(m)*) = E ( E / p dl+1 H^u,AX Tki ,AX Tk )du)\ 2 Tki , (43) 


E'(, 


0 iuZ u ( m)i 


) = 


ii / 


,™E ke r m(t) d-i-i / [0 , t ]l PB l+1 H(a u ,AX Tkl AX Tk )duR kl ^,^ 


(44) 


kieim(i) 


The processes X and <r are both cadlag and hence bounded on [0, T] for a fixed lu € fl. Let now m,m' € N 
with to' < m and observe that I m {t) q \I m '(t) q C I m (T) q \I m fT) q for all q € N and t < T. Since L and 
d\L are bounded on compact sets, we obtain 


E' 

( sup 

Z u (m) t -Z u 

{m) t 

)1 



LV te[o,T] 



/ 


=E' 

( sup 

E 


/ 

Pdi +1 H(cr u , AX Tk )duR kl 


LV te[o ,T] 




VI 

[( 

E 

f „ 

\pd l+1 H(cru, AX Tk )\du\R kl \) 







<A»( E (|AA Tfei |^- 1 + |AA Tfci |^)|AA Tfe 2 |^-..|AA Tfcd _ i |^) 2 

k £lm(.T) d - l \I ml (T) d ~ l 

—>■0 as to, m! —> oo 


for P-almost all to, since J2 s<t |AX S | P is almost surely finite for any p > 2. Therefore we obtain, as 
to, m! — > oo, 

P(" sup | Z(m)t — Z(m') t \ > e) = / P '( sup \Z u (m) t — Z u (m')t\ > e')dP(w) —> 0 
v te[o,t] ' J v te[o,T] ' 
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by the dominated convergence theorem. The processes Z (to) are cadlag and contitute a Cauchy sequence 
in probability in the supremum norm. Hence they converge in probability to some J-j-adapted cadlag 
process Z t . By the previous estimates we also obtain directly that 

Z"(m) t ->-Z t (uv) in L 2 (H', T\ P')- (45) 

As a consequence it follows from (43) that 

J Z t (u,u}') 2 dr(u]') = J i Pdi + 1 H(cTu,AX Sl ,AX S 2 ,...,AX Sd _ l )du) a 2 Sl . 

si <t S2,---,S d _l<t J [°’d 


Note that the multiple sum on the right hand side of the equation converges absolutely and hence does 
not depend on the choice of (T*,). By (45) we obtain 

E' (e iuZ “ ( m )‘) —>• E^e™^^’'-*). 


Observe that for any centered square integrable random variable U we have 

J {e iyU - l)dP < EU 2 \y\ 2 for all y <E R. 


Therefore the product in (44) converges absolutely as m —> oo, and hence the characteristic function and 
thus the law of Z t (u>,-) do not depend on the choice of the sequence (T*). Lastly, observe that Rk is 
^-conditionally Gaussian. (In the case of a possibly discontinuous a as in Theorem 3.5 we need to require 
that X and er do not jump at the same time to obtain such a property.) So we can conclude that Z u (m)t 
is Gaussian, and Zt(to, •) as a stochastic limit of Gaussian random variables is so as well. 


5.2. Uniform limit theory for continuous U-statistics 


In this chapter we will give a proof of Proposition 4.3. Mainly we have to show that the sequence in 
(28) is tight and that the finite dimensional distributions converge to the finite dimensional distributions 
of Uj. For the convergence of the finite dimensional distributions we will generalize Proposition 4.3 in 
[18]. The basic idea in that work is to write the U-statistic as an integral with respect to the empirical 
distribution function 

1 l nt l 

K(t, x ) = -5>{ay<x } - 
3 =1 


In our setting we have 


1 £ CW,y)= j 
n J R ! 


i6B?(0 


G(x, y )F n (t, dx i) • • • F n (t, dxi). 


Of particular importance in [18] is the limit theory for the empirical process connected with F n . which is 
given by 


1 [ntl ( 
(»{»?<.} 

2=1 


where is the cumulative distribution function of a standard normal random variable with variance z 2 . 
As a slight generalization of [18, Prop. 4.2] and by the same arguments as in [12, Prop. 4.4.10] we obtain 
the joint convergence 


(G n (i,x), (R-(n,p),R+(n,p)) p > 1 ) (G(t,x), (R P -,R P+ ) P > 1 ). 
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The stable convergence in law is to be understood as a process in t and in the finite distribution sense in 
x £ R. The limit is defined on an extension (f2, J 7 , V) of the original probability space. G is ^-conditionally 
independent of {nk,^k±)k> 1 and ^-conditionally Gaussian and satisfies 

E[G(f,x)|.F] = f $„ e (x)dW s , 

Jo 

E[G(G,xi)G(t 2 , x 2 )\F\ - E'[G(ii, ®i)|.F]E , [G(t 2 , x 2 )\F] = 

At2 

®a a (xi A x 2 ) - $<T S (xi)$ a3 (x 2 ) - Q aa (x 2 )ds, 



where 4> z (x) = W\yt{ zV < x }\ with V ~ A7(0,1). 

As in the proof of Prop. 4.3 in [18] we will use the decomposition 


l „ k —1 l 

U/(G,y)=£ G(x,y)G„(f, dxk) F n (t,dx m ) F n (t,dx m ) 

k=l ^ Rl m=l m=fc+1 

+ 5Z Pa{crQ-i)/n,y) - f PG(v s ,y)ds) =:J 2 mG,y) + R-(y), 

U je8?(0 fe=l 


F n (t,z) = -EVd/»W- 

t=i 

From [18, Prop. 3.2] we know that both F n and F n converge in probability to F(t,x ) = /]* 4> CTs (a;)(is for 
fixed f and x. If G is symmetric and continuously differentiable in x with derivative of polynomial growth, 
[18, Prop. 4.3] gives for fixed y 

i i r i 

E z *”< G .y) / , G(x, y)G(f, dxk) 1 F(t, dx m ) —• ^ ( Z k (G , y). (46) 

fc =i fc=i"' Ri fc=i 

We remark that the proof of this result mainly relies on the following steps: First, use the conver¬ 
gence of F n and F n and replace both by their limit A, which is differentiable in x. Then use the 
integration by parts formula for the Riemann-Stieltjes integral with respect to G n (t,dxk) plus the 
differentiability of G in the fc-th argument to obtain that y) is asymptotically the same as 

- f Rl d k G(x, y)G n (t, X k ) Urr^H F'(t,x m )dx. Since one now only has convergence in finite dimensional 
distribution of G n (t, •) to G(f, •), one uses a Riemann approximation of the integral with respect to dxk 
and takes limits afterwards. In the end do all the steps backwards. 

From the proof and the aforementioned joint convergence of G„ and (R±(n,p)) p > i it is clear that we 
can slightly generalize (46) to 

((^fc (G,y))i<fe<;, (R- (n,p),R + (n,p)) p >i)^ -A ( y (Z k (G, y))i< k <i , (Rp— , ). (47) 

where the latter convergence holds in the finite distribution sense in y and also for non-symmetric, but 
still continuously differentiable functions G. A second consequence of the proof of (46) is that the mere 
convergence (G, y) —^4 Z k (G, y) only requires G to be continuously differentiable in the k-th argument 
if k is fixed. 

To show that (47) holds in general under our assumptions let € C°°(IR) (e > 0) be functions with 
0 < Vk < 1, ipe(%) = 1 on [—e/2, e/2], ip e {x) = 0 outside of (—e, e), and ||^(|| < ATe -1 for some constant 
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K, which is independent of e. Then the function G(x)(l — ip e (xk)) is continuously differentiable in the 
fc-th argument and hence it is enough to prove 

lim limsup P( sup \Z%(Gip e , y)| > rj) = 0 (48) 

e ~>-0 n—too y £[-A,A\ d ~ l 

lim P( sup \Z k (Gip e ,y)\ > rj) = 0 (49) 

e_>0 y£[-A,A] d ~ l 


for all 77 > 0 and 1 < k < l. For given k the functions are to be evaluated at Xk■ We show (48) only for 
k = l. The other cases are easier since F n is continuously differentiable in x and the derivative is bounded 
by a continuous function with exponential decay at ±00 since a is bounded away from 0. 

For k = l, some P £ ‘P(l), Q £ fp (l — 1) and xi ^ 0, we have 

\di(G{x,y)tp e (xi))\ < K( 1 + \xi\ Pl ~ 1 )P(xi)Q{x 1 , ... ,x z _ 1 ) + K\x\\ pi ■ ■ • |xi| Pi e _1 . 


Since pi — 1 > —1 the latter expression is integrable with respect to xi on compact intervals. Therefore 
the standard rules for the Riemann-Stieltjes integral and the monotonicity of F n in x yield 


ye[- 


= sup 

y£[—A,A] d - l 


< 


sup \ZJ l (Gip e ,y)\ = sup / G(x,y)^ e (x J )G„(t, dxi) TT F n (t,dx m ) 

-A,A] d ~ l y e[—A,A] d ~ l JR 1 rn=l 

l-l 

-G„(t,xz)5i(G(x,y)V' e (^))cixi F n (t,dx m ) 

m—1 

p pe l 1 

/ / K\G n (t,xi)\(l + \xi\ Pl ~ 1 )P{xi)Q(xi,... ,xi-x)dxi TT F n (t,dx m ) 

mil 

p pE •> 1 

+ / / K\G n (t,xi)\\xi\ Pl ■ ■ ■ \xi\ pi e~ 1 dxi TT F n (f,dx m ) 

^R 1 - 1 J ~* iii 

f K {~^Z y ^2 Q(a”)) |G„(f,xz)|(l + |xz| Pl_1 ).P(xz)dxz 

+ /Xir E 


ieB"(Z-l) 


_! | Pi_1 ) Xj)||x; \ pi e 1 dxi. 


We have E|a"| 9 < K uniformly in i for every q > 0. From [18, Lemma 4.1] it further follows that 
E|On(f, x)| 9 < K for all q> 2. Then we deduce from Holder inequality 


E 


( sup |Z"(G-0e,y)|') < K [ (l + |xj| Pl 1 )P(x z ) + |x i | Pi e x dxi , 

' y£[-A,A] d ~ l ' J-e 


which converges to 0 if we let e —> 0. We omit the proof of (49) since it follows by the same arguments. 

So far we have proven that (47) holds under our assumptions on G. Furthermore, we can easily calculate 
the conditional covariance structure of the conditionally centered Gaussian process Yl]e=i Zk(G, y) by 
simply using that we know the covariance structure of &(t,x). We obtain the form in (32); for more 
details see [18, sect. 5]. 

Next we will show that 


s U p | R n (y) | A 0 

y£[— A,A} d ~ l 


(50) 
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as n —> oo. Observe that p G (x, y) is C d+1 in the x argument. Therefore we get R n ( y) —0 for any fixed 
y from [18, sect. 7.3]. Further we can write 

R n (y) = Vn (/3GO|™sJ/n,y) - PG(cr s ,y))ds + y/n( / p G (a s ,y)ds- p G (a s ,y)ds). 

J [0, [nt\ /n] 1 ^*/[0,t] z J [0, [nt\ /n] 1 ' 

(51) 

The latter term converges almost surely to 0 and hence we can deduce (50) from the fact that 
E|i?"(y) — i? n (y')| < K \\y — y'||, which follows because p G {x.,y) is continuously differentiable in y 
and E( v /n|o'|_ mt j/ n - a u |) < K for all u £ [0, t]. 

Therefore we have proven the convergence of the finite dimensional distributions 

((Ur(G,y i ))™i,( J R_(n,p), J R + (n,p)) p >i))^((U t (G,y i ))™ 1 ,( J R p _ ) J? p+ ) p >i). 

What remains to be shown in order to deduce Proposition 4.3 is that the limiting process is indeed 
continuous and that the sequences Z^{G, •) (1 < k < l) are tight. For the continuity of the limit observe 
that 

E[|U t (G, y) — Ut(G, y')| 2 |J r ] 

= Jo (X “ ^( U ’ y/ ))) <t><Ts{ u )du- ~ fi( u ’y'))<l > <rs( u )du) ds). 

Here we can use the differentiability assumptions and the boundedness of a and a to obtain 

E[|U t (G, y) - U t (G, y')| 2 ] = E[E[|U t (G, y) - U t (G, y , )| 2 |^ r ]] < K ||y - y'|| 2 . 

Since Ut(G, •) is ^-conditionally Gaussian we immediately get 

E[|U t (G,y) -U t (G,y')n < K p \\y-y'f 

for any even p > 2. In particular, this implies that there exists a continuous version of the multiparameter 
process U t (G, •) (see [14, Theorem 2.5.1]). 

The last thing we need to show is tightness. A tightness criterion for multiparameter processes can be 
found in [3]. Basically we have to control the size of the increments of the process on blocks (and on lower 
boundaries of blocks, which works in the same way). By a block we mean a set B C [— A, A] d ~ l of the 
form B = (yi, y[] x • • • x (jjd-i, y'd-ih where y-i < y\. An increment of a process Z defined on [— A , A] d ~ l 
on such a block is defined by 

l 

^b(Z) ■- (-i) d- '~ E ^ j Z(yi + *1(2/1 -yi),---,yd-i + id-i(y' d -i -ya-i ))• 

ii 

We remark that if Z is sufficiently differentiable, then 


A B {Z) =&!■■■ d d -iZ{C){y'i - yi) ■ ■ ■ ■ ■ ( y'd-i - Vd-i) 

for some £ G B. We will now show tightness for the process Z”(G,y). According to [3] it is enough to 
show 

E[|A B (Zr(G, -))| 2 ] < K(y[ yi f ..... (y' d _ t 
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in order to obtain tightness. As before we use the standard properties of the Riemann-Stieltjes integral 
to deduce 


E[\A b (Z?(G,-))\ 2 }=E 
= E 

= E 


l —l 


A B (G(x,-))<G n (t,dxi) F n (t,dx k ) 

k =1 

i- i 

A B {diG(x,-))G n (t,xi)dxi F n (t,dx k ) 

fc =i 

| • ■ ■ d d G{x,£)G n (t,xi)dxi F n (t,dx k )^j J - y ') 2 


fc=i 


for some £ £ B. As it is shown in [18] there exists a continuous function 7 : R — > R with exponential 
decay at ±00 such that E[G„(f,x) 4 ] < 7 ( 2 ). Using the growth assumptions on L we further know that 
there exist P £ fp(l) and Q £ — 1 ) such that 

\didi +1 ■ ■ ■ <9 d G(x,C)| < A"(l + \xi\ Pl ~ 1 )P{xi)Q{x l ,.. .,x t - 1 ) 


and hence 


E 


<KE 


1-1 


R' 


didi+i ■ ■ • <9 d G(x, £)& n {t, xi)dxi F n (t, dx k 


k= 1 


L J R 2 v n ' 


(^UT X Q( a ij) O + M 3 ’ 1 + 1 )P(xi)P(x[)\<S,n(t,xi)G, n (t 1 x' l )\dxidx' l 


iGBJ*(Z-l) 


< K 


by Fubini, the Cauchy-Schwarz inequality, and the aforementioned properties of G n (t,x). The proof for 
the tightness of ZJf(G,y) (1 < k < l — 1) is similar and therefore omitted. 


5.3. Proofs of some technical results 


Proof of Proposition 3. 7: 

i) For j > 0 consider the terms Cf j(rri) and ( k j(m), which appear in decomposition (15). Since X is 
bounded and Vf(m) a finite set, we have the estimate 

max(|Cfej (m)|, |( k j (m) |) < £ | A? X(m)\ p • • • | ^_ k X(m)\ p . 


By (9) we therefore obtain 

E(ln n (m)(|Cfej(™)l + ICfeyMD) 0 as n 00 . 

In the case k > 0 we have 

£ \R(n, Pl )\ p ■ ■ ■ \R(n,p k )\ p £ \K X {™)\ P ■ ■ ■ |A^_ fe X(m)|U 

pG V?(m) k iG B?{l-k) 

Since ( R(n,p )) is bounded in probability as a sequence in n , we can deduce 

—>0 as n-t 00 . 

Furthermore, in the case j = k = 0 , we have Co o( m ) = Co 0 ( m )- 
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(ii) At last we have to show the convergence 


/-i 


lim limsupP(ln (m) | E (Cfc,o( TO ) - C k( m )) I > v) = 0 for all ij > 0. 


k =1 


First we will show in a number of steps that we can replace A Xs p + p) by A Xs p in Cfco( m ) 

without changing the asymptotic behaviour. Fix k € {1,— 1}. We start with 

(T) Wm)-^ E E' i?(AA Sp + ^i?(n,p),AA Spfc ,ArA(m)) 

' ' pEPfh ) 1 - 1 ieBJ*(d-fc) V 

R(",Pfc) 

E T! I d k H(AX S{ , + ^=R(n,p),AXs Pk +u,A?X(m)) 

"fmlfc-l d-k)'' 0 y ' U 


du 




fc -1 


<K E sup (|AX Spfc +«| p + |AX Spfe + U r 1 )H AX Sp 

fol,H< |a( ^ fc)l r=l 


R(n,p r ) 


PtEPtW 


\/n 


l—k 


x e ni A s*( m )i p 

i6B{*(J-fc) J=1 

=: AT$?(m) x $£(m). 

The first factor converges, as n —► oo, stably in law towards 


fc-i 


*i("0 = E l^l(|A^s P J p + |AX Sp4 r 1 )niAX Sp 


PEPtW 1 ’ 1 

PkEPlM 


r—1 


By the Portmanteau theorem we obtain 


limsupP(|$"(m)| > M) < P(|$i(m)| > M) for all M £ R+, 

n—> oo 


whereas, as m —> oo, 


fe-i 


A (Ei AA *n E ^(i^p.r + iAXs^r 1 ). 

/ PkCVt 


, s<£ 


So it follows that 


Furthermore 


lim limsuplimsupP(|$"(m)| > M) = 0. 

M—too m —poo n—Poo 


A" / ‘ " \ 

lim hmsupE(l n (m) $^(m)) < lim lim sup E E II l A S A ( m )| 2 = 0 

m-poo m -poo m' 1 W V jf-f , N 3 ) 

by Lemma 3.2. We finally obtain 

lim limsupP(ln n ( m )|$"(m )$2 ( m )l > 77 ) = 0 for all 77 > 0 . 
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Doing these steps successively in the first k — 1 components as well, we obtain 

-l 


lim limsupP(l nn(m) ff) Cjf 0 (m) - 9^(m) > rj) = 0 for all 77 > 0 

m->oo oo \K/ 


with 


*!("») E E H(AX s „,ArX(m)). 


p £Vt(m) k i £Bt(d—k) 


P 

By the same arguments as in the proof of the convergence (to) —» 0 in section 3.2 we see that 

we can replace the last d — l variables of H in 1 n„(m)^( m ) by 0 without changing the limit. So we can 
restrict ourselves without loss of generality to the case l = d now and have to prove 


lim limsupP(l n „( m )|0fe(m)| > 77 ) = 0 (52) 

m^> 00 

with 

9fc( m ) V™ E ( E H(AX Sp ,A?X(m)) - E H(AX Sp ,AX(m) s )). 

p&'Pt{m) k k) -C(Q, ] d ~ k 

Since 

E |Ax s y <ElA* s p> 

q€.Vt(m) s<t 

P 

is bounded in probability, we can adopt exactly the same method as in the proof of ( TO ) —► 0 

to show (52), which finishes the proof of Proposition 3.7. □ 

Proof of Proposition f. 5 : 

We will only show that we can replace \fnAfX c by a" in the first argument, i.e. the convergence 


Cn := 


|nij 
> Ti \ 

X 2^ 


E 


E 


k=1 ieB?(/-i) jeB"(d -0 


(l7(^A£A c , v^A”A c , A?A) - H(a n kl ^-X c , A?X)) A 0. (53) 


All the other replacements follow in the same manner. Define the function g : —> R. by g(w,x.,y) = 

|w| Pl L(w, x, y). In a first step we will show that, for fixed M > 0, we have 

[ntj 

—j= sup E(«r, z )^K, z ))Ao, (54) 

V"N| <M^zt 


where z = (x, y) £ R ; 1 x R d 1 . Note that our growth assumptions on L imply the existence of constants 
h,hf ,h" > 0 such that 

=H<9i3(w,x,y)| < Ku( y)(l + ||(iw,x)|| ,l )(l + M Pl_1 ) (55) 

w/0, |^| < \w\/2 =>|5iff(w + z,x,y) - d 1 g(w,x,y)\ < Ku(y)\z\{l + \\(w, x)|| ,! + \z\ h ')(l + M Pl_2 ) 

(56) 

\g(w + z,x,y) -g(u>,x.,y)\ < Ku(y)(l + ||(w,x)||' 1 )|*| Pl (57) 


The first inequality is trivial, the second one follows by using the mean value theorem, and the last 
one can be deduced by the same arguments as in the derivation of (34). In particular, for fixed x, y all 
assumptions of [12, Theorem 5.3.6] are fulfilled and hence 

L nt J 

— max E (ff(^ A feA c ,z) - g(a%,z)) -A 0 , 
yjn zG^ m (Af)“ v 
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where K m (M) is defined to be a finite subset of [— M, M] d 1 such that for each z £ [— M, M] d 1 there 
exists z' £ K m (M) with ||z — z'|| < 1/m. In order to show (54) it is therefore enough to prove 


1 

—j= sup 

\Jn h(zi,z 2 )h<m 


\nt\ 

E 

k= 1 


A^X C , Zl ) - 5 «, zi ) - (g(y/nA%X c , z 2 ) - <?«, z 2 ))) 


if we first let n and then m go to infinity. 

Now, let 6% = ^/nA^X c — and B £ = {\0%\ < |a£|/2}. Clearly, g is differentiable in the last d — 1 
arguments and on we can also apply the mean value theorem in the first argument. We therefore get 


l B n( 5 (^A^ c , Zl ) - 5 K, Zl ) - («r,z 2 )- 5 K,z 2 ))) = £ iB^gixlk^lk)^ - 4 j) )0 

1=2 

where Xj'k is between y/nA%X c and a £ and is between zi and z 2 . zf stands for the j-th component of 
Zj. We have \d\djg(w, z)| < pi\w\ Pl ~ 1 \djL(w, z)| + |w;| Pl \didjL(w, z)| and therefore the growth conditions 
on L imply that there exists q > 0 such that 

|9i5 J g(w,z)| < A'u(y)(l + M P1_1 )(1 + ||(i+x)|| 9 ). 

On B% we have |x" fc | < §|a£|. From ||z|| < M we find 

LntJ 


< 


1 / i [nti \ 

—E sup 1 Bz(g{VnA^X c ,zi) - g(a£,zi) - (g(y^A^X c ,z 2 ) - g(a%,z 2 ))) 

V n \ II(*i.*2)II<m I ,, I 

K (M) E E ((! + KT -1 )^ + Kl 9 + Iv^AprnKl). 




^=1 


By Burkholder inequality we know that E((l + |a£| 9 + l-ynAkJOl 9 )' 11 ) < K for all u > 0. Since a is a 
continuous semimartingale we further have E(|0jf|“) < Kn~ u / 2 for u > 1. Finally, because a is bounded 
away from 0, we also have E((|a]J| Pl-1 ) ,i ) < K for all u > 0 with u(l — p\) < 1. Using this results in 
combination with Holder inequality we obtain 

J2 e((i +1«3fel pi_1 )(i + K\ q + \^ n k x c \ q w k \) < EE, 

J nm z ' V / m 

v fc =i 

which converges to 0 as m —> oo. 

Now we focus on (B^) c . Let 2 < j < d. Observe that, similarly to (34), by distinguishing the cases 
\z\ < 1 and \z\ > 1, we find that 

\djL(w + z,x,y) - djL(w, x, y)| < AT(1 + |wp +7l ->')| 2 p. 

We used here that || (x, y) || is bounded and the simple inequality 1 + a + & < 2(1 + a)b for all a > 0, 6 > 1. 
From this we get 


\djg(w + z,x, y) - %(w,x,y)| 


< 


\w zr ± — \w\‘ 


\djL(w + z, x, y)| + \w\ Pl \djL(w + z,x,y) - d j L(w,x 1 y)\ 


<K(l + \w\ q ){\z\^ +p ' +\z\n) 
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(i) (i) 

for some q > 0. Recall that 7 j < 1 and 7 j + p\ < 1 by assumption. For some £" between z[ and z% we 
therefore have 


1 / 1 L ” tJ \ 

■ 7 =® I sup 1 (B^)o(g(VnA'^X c ,z 1 ) -g(a%,zi) - (g{VnX%X c ,z 2 ) - g{a kl z 2 ))) 

V n \ IK*1,Z2)II<M 1 7 —. I 

/ L nt J d \ 

~E sup \Y J Y, 1 (BZ)c(d J g(^X c 1 Q)-d J g(a n k ,Q))U> ) ^z[ j) ) 

VU V“I^' fe =ii=2 / 


E E ( 1 (^)° (1 + Kl 9 + 

y TlyTTb ' ' 


fc=l 

[nij 


s 7sr | E ( 1 w)»( 1 +wi*+ 1 ^ vn(iJL + _j 


l»2 


r)) 


< 


K(M) 


a k \"~^i +Pl '> J J m 


by the same arguments as before, and hence (54) holds. For any M > 2 A we therefore have (with 

q= (qi ,---,qd-i)) 


\nt\ 


EE E \\\^ A?X c\\< M} ( H ^A n k X c ^A?Xc,A?X)-H(a n k ,V^A?X c ,A?X)) 


k=l ie8?(Z-l) jeB?(d-Z) 


< 


[ratj 

(-Et E E lv / ^AuAT 2 ---|v / HA 8i _ 1 X c HA]'X| q ) -L sup ]T( 5 (^A^z)- 3 K, Z )) 

VTl i.»/i rUro«j A ' V n ||z||<M fc=1 


ieBj*(i-i) jeBT(d-i) 


The first factor converges in probability to some finite limit, and hence the whole expression converges 
to 0 by (54). In order to show (53) we are therefore left with proving 


/— l nt i 

V n \ ’ \ ’ \ ' 

/ -J S -J / -J 

k=i ieEr(z-i) jeB?(d-i) 



?X C ,A?X)-H(a n k , 



0, 


if we first let n and then M go to infinity. As before we will distinguish between the cases that we are on 
the set B k and on (B k ) c . Let p = (p 2 , ■ ■ ■ ,pi). With the mean value theorem and the growth properties 
of dig from (55) we obtain for all M > 1: 


\nt\ 


■EE E \\\^ A n X c\\ >M} lB2(H(V^A%X c ,V^A?X c ,A?X)-H(aZ,V^KX c ,*?X)) 


fc =1 i£8"(Z-l) j&B?(d-l) 


<k( e ia;vi-)^x: e i^."vTi { n^ ir x.|i>M} 




fc=1 ieB"(Z-l) 


X (1 + \al\ h + W^Kx c \ h + ||v^Arw c f)(i + Kr 1 )!^! 


<(k Y. 1^1“)(vrr E idivHArx.iixMjIv^arvrllCSarxi") 




=: A n B n (M)C n 


i6B?d-l) 


[ntj 

(-1= E(! + \°%\ h + \V^X n k X c \ h )(l + l<p- 1 )m) 

k =1 
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where we used M > 1 and 1 + a + b < 2(1 + a)b for the final inequality again. As before, we de¬ 
duce that A n is bounded in probability and E (C n ) < K. We also have E (B n (M)) < K/M and hence 
limM-^oo limsup„_,.c» E {A n B n {M)C n > rj) = 0 for all rj > 0. Again, with (57), we derive for M > 1 


[nt] 


fc=iies?(i-i)j6sr(d-i) 


= ^?E E E i{|i^A r x.|i>M}iw)c|AS‘xHV5ArxT 


[nt\ 


k =1 ieB"(Z-l) j£B t n (d-0 


sM + et, VSAfX', AfX) - <,K, VHAfX', AfX) 


< K ( E iAj"vr)(^ T v i { || V5i px.|i>M}iv^Ar^r||v5Arx=f") 


jeB?(d-z) 


ieBf(Z-l) 


[ntj 


(^Ei(Bt)«(i + wi‘")wr) 

v fc =i 


< a: 


( E iAyv|o)(-Ar E i{||^A r x.|i>M(ivSA"x«ri|vsArx«f") 


j6B"(d-Z) 


ieB^(i-l) 


[ntj 


^£ (1 


a,. a t 


Xl)- 


For the last step, recall that [O^] 1 Pl < ATla^j 1 Pl on the set (B^) c . Once again, the final random 
variable converges to 0 if we first let n and then M to infinity. □ 

Proof of Proposition f.6: We will give a proof only in the case d = 2 and 1 = 1. We use the decomposition 
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i 


Q n{rn)9n[H) 
L nt J 

fln(m) 


\nt\ 


y/n 


( E H(a?,A?X(m))-Y^ E ^K,AX(m), 


i 


hi=i 

frttj 


i=l s<i ntJ 


1 


|raij 


t^E E "W.av.) 

V »=1 !nLL <s< t 


+ - 


r2 n (m) 

i=l pGVf (m 


L ni J 

E E {^K, AI Sp +n- 1/2 ll(n,p)) - ^(a^n- 1 / 2 ^^))} - ^ ^ £ H(a?,AX Sp ) 

i— 1 p^.'PV'(m) * i— 1 pE'Pf'(m) 


=:9^(H) - 0<?){H) + 0&(H) - ^(iJ). 


In the general case we would have to use the decomposition given in (15) for the last d — l arguments. 
We first show that we have 


lim limsupP(|0^(.ff)| > rj) = 0 for all 77 > 0. (58) 

m—± 00 77,— ^00 


We do this in two steps. 

a) Let (fk be a function in C°°(R 2 ) with 0 < <j>k < 1, <fk = 1 on [— k, k} 2 , and <f>k = 0 outside of [—2k, 2 k] 2 . 


imsart-generic ver. 2011/11/15 file: PSV290415.tex date: May 25, 2015 












M. Podolskij et al./U- and V-statistics for semimartingales 


36 


Also, let ^:R 2 - 

\e^\H k )\ = \^^J2K\ Pl (^gkK,A-X(m))- £ <f fe «,A X(m) a j) 


< 


be defined by g(x,y) — \y\ qi L(x, y) and set H k = 4>kH and g k = 4>kg- Then we have 

[ntj [nt\ 

y/n E 

V t=1 j=l 

LntJ L nt J 

E 5 fe( 0 ,AX(m) 5 )) 


s< 


L^*J 


lr2 n (m) 


*=1 J=1 

[ntj L n ^J 


s< 


Lntj 


\/n 


El<l Pl (E / d 1 g~k(u,A™X{m))du- ^ f d 1 g k (u,AX(m) s )duj 

i= 1 j=l LntJ -^0 


< 


LntJ 


LntJ 


(- E l a ri Pl ) (v / nlf2„( m )| A”X(m)) - ^ g fc (0,AI(m) s ) 

n *=i i=i s <inii 
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i L ”* J w /-fc | L”*J 

+ (“ E \ aT i\ P ) ( 1 n„ ( m ) / V™ E 9 i^ fe ( u ’ A”A(?n)) - ^ AA(m) s ) duj 

n *=i J ~ k i=i S <1^L 

which converges to zero in probability by Lemma 3.3, if we first let n —> oo and then m —> oo, since 

L«*J 

-Ekt 1 

n z -—' 

i —1 

is bounded in probability by Burkholder inequality, 
b) In this part we show 

lim lim iimsupP(|0^ 1 ^(fl') — Q^\H k )\ > g) = 0 for all g > 0. 

fc—^oo m—too n _^. 00 

Observe that we automatically have |A"X(m)| < k for some k large enough. Therefore, 
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Now observe that we have 


\nt\ 


(l n „ (m) ^|A^X(rn)| 91 ) 

j=l s<t 


i=i 

if we first let n —> oo and then m —> oo. Further we have 

|nij 


^Eo + kh 2 ] 
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by Burkholder inequality and finally 
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\nt\ 


{l a "l >fc }) rjk^ r/k 2 




as k —> oo. For 0^\H) we have 
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\o£Xh)\< — J2 E (i + \a?n\Ax s \^ U (Ax s )< (-Eu + kh) E 


L E J < s <t 


I AX, 


2=1 


L^J <s<t 


since the first factor is bounded in expectation and the second one converges in probability to 0 (see 
(23)). For the second summand of 0^\h) we get 


H-Q „(m) 


\nt\ 
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E E H «,n 1/2 R{n,p)) |<(-E( 1 + 


2=1 (m) 


L nt J 
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p£V?(m) 


R(n,p) q 




as n —> oo because the first factor is again bounded in expectation and since ( R(n,p)) n is bounded in 
probability and V™(m) finite almost surely. The remaining terms are On* (H) and the first summand of 


On {H ), for which we find by the mean value theorem 

LritJ 

E E {H{<,AX Sp +n- 1 / 2 R(n,p))-H(a^AX Sp )} 
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*= 1 pOVf(m) 


for some £"(p) between 0 and R(n,p) / y/n. The latter term converges to 0 in probability since we have 
\d 22 H(x,y)\ < (1 + |a;| 9 )(|y| 91 + |y| 9l_1 + |y| qi ~ 2 )u(y) for some q > 0 by the growth assumptions on L. 
Therefore, 


£2 n (m) 
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+ a 


nipi 
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peP t n (m) 


\/n 


where £”(p) is between 0 and R(n,p)/y/n. The last inequality holds since the jumps of X are bounded 
and |£"(p)| < \R(n,p)\/y/n < 2A. The convergence holds because R(n,p) is bounded in probability and 
■p”(m) is finite almost surely. □ 
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